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Abstract
The slice-ribbon conjecture is an interesting but diﬃcult problem in knot theory. In particular,
it is known that any slice knot bounds a ribbon disk with triple points of type II in the 3-
sphere. If these triple points can be removed without producing any clasp singularities, then the
conjecture holds true. In this paper, we classify the triple points of type II of ribbon disks into
two types and provide aﬃrmative answers under certain conditions on triple points of type II.
Keywords; knots, links, the slice-ribbon conjecture
1This work was supported by JSPS KAKENHI Grant Number JP16K05162.
-7-
A note on the slice-ribbon conjecture nd simple-ribbon fusions 1 
by
Tetsuo SHIBUYA and Tatsuy  TSUKAMOTO
Department of General Education, Faculty of Engineering
(Manuscript received May 31,2018)
Abs rac
The slice-ribbon conjecture is an interesting but diﬃcult problem in knot theory. In particular,
it is known that any slice knot bounds a ribbon disk with triple points of type II in the 3-
sphere. If these triple points can be removed without producing any clasp singularities, then the
conjecture holds true. In this paper, we classify the triple points of type II of ribbon disks into
two types and provide aﬃrmative answers under certain conditions on triple points of type II.
Keywords; knots, links, the slice-ribbon conjecture
1This work was supported by JSPS KAKENHI Grant Number JP16K05162.
-7-
Memoirs of Osaka Institute
of Technology
Vol. 63, No. 1（2018）pp. 7〜13
−7−
1. Introduction
Throughout this paper, knots are assumed to be oriented in an oriented 3-sphere S3 and they
are considered up to ambient isotopy of S3.
The knot cobordism was defined in [1]. A knot which is cobordant to the trivial knot is called
a slice knot. By the definition of ribbon knot, any ribbon knot is a slice knot. But the converse
is still open.
Conjecture 1.1. Any slice knot is a ribbon knot.
In this paper, we provide several partial answers to it.
Let σ∗ be a disk and f an immersion of σ∗ into S3 such that σ = f(σ∗). Denote the set of
singularities of σ by S(σ). An arc α of S(σ) as illustrated in Figure 1(b) is called an arc of
ribbon type and, for f−1(α) = α∗∪α′∗, α∗ is called a b-line and α′∗ is called an i-line (see Figure
1(a)). Here notice that α is not necessary to be simple, i.e., α may have self intersections. For
a loop c of S(σ), one of f−1(c) is called a b-line and the other an i-line suitably. We call σ a
ribbon disk if S(σ) consists of arcs of ribbon type and loops.
Figure 1
Let P be a triple point of a ribbon disk σ. Then f−1(P ) which consists of three points, say
P ∗1 , P ∗2 and P ∗3 , is either as illustrated in Figure 2 (a) or as illustrated in Figure 2 (b). In the
former (resp. latter) case, we call P a triple point of type I (resp. type II). We call σ a ribbon
disk of type II if σ does not have a triple point of type I.
Figure 2
Let K be a ribbon knot. Then K can be obtained by a fusion of a trivial link O ∪ O1 =
O∪(O11∪· · ·∪O1m) by a set of mutually disjoint bands C = C1∪· · ·∪Cm, namelyK = (O∪O1)⊕∂C,
where ⊕ means the homological addition and each Ci connects an arc of O and an arc of O1i
(i = 1, . . . ,m). Since O ∪ O1 is a trivial link, there is a union E ∪ E of mutually disjoint non-
singular disks with ∂E = O and ∂E = O1 and S(C ∪ (E∪E)) consists of mutually disjoint simple
arcs of ribbon type, as illustrated in Figure 3 (a), where E = E1 ∪ · · · ∪ Em.
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Figure 3
Let k be a slice knot. Then there is a ribbon knot K such that K can be obtained by a
fusion of a split union of k and a trivial link O0 = O01 ∪ · · · ∪ O0n by a set of mutually disjoint
bands B = B1 ∪ · · · ∪ Bn ([4], [5]), where each Bi connects an arc of k and an arc of O0i
(i = 1, . . . , n). Here we may assume that K ∩ ∂B is contained in O(= ∂E) by deforming K ∩ ∂B
if necessarily. Since O0 is split from k, there is a union D = D1 ∪ · · · ∪Dn of mutually disjoint
non-singular disks such that k ∩ D = ∅ (see Figure 3(b)). Thus k is a slice knot with a ribbon
disk F = B ∪ C ∪D ∪E ∪ E such that ∂F = k, and K(= ∂(C ∪E ∪ E)) is a ribbon knot. We call
such a surface F constructed as above a standard ribbon disk for a slice knot k and we have the
following.
Theorem 1.2. ([5, Theorem 6.5]) Any standard ribbon disk for a slice knot is of type II.
Let k be a slice knot and F a standard ribbon disk for k. By deforming B ∪ C as illustrated
in Figure 4 for B = ∪Bi and C = ∪Ci, we can assume that B ∩ C = ∅. Therefore as k ∩ D = ∅,
the pre-image of the singularities of any two of B, C,D and E ∪ E are as illustrated in Figure
3(a) and Figure 5.
Figure 4
Figure 5
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Since B ∩ C = ∅, the set of triple points of F , denoted by T (F ), is a union of B ∩D ∩ (E ∪ E)
and C ∩ D ∩ (E ∪ E), denoted by T1(F ) and T2(F ), respectively (see Figure 6).
Figure 6
By the above investigation, we see that each triple point P of T (F ) is of type II and that its
pre-images P ∗1 , P ∗2 , and P ∗3 are contained in D∗, (B ∪C)∗, and (E ∪E)∗, respectively (see Figure
6). With the above situation, we prove the following theorems.
Theorem 1.3. Let k be a slice knot and F a standard ribbon disk for k. Then we have the
following.
(1) If T1(F ) = ∅, then k is a ribbon knot.
(2) If T2(F ) = ∅ and Bi ∩ intD consists of a single arc for each i, then k is a ribbon knot,
where B = ∪iBi.
Theorem 1.4. Let k be a slice knot and F a standard ribbon disk for k. If B∩E = ∅ and Ci∩int E
consists of a single arc if not empty for each i, then k is a ribbon knot, where C = ∪iCi.
2. Proof of Theorems.
First we provide some lemmas which are needed later.
Theorem 2.1. ([3, Theorem 1]) Let ℓ be a split union of (m + 1) knots k0, k1, · · · , km, i.e.
there are m 3-balls M1, M2, · · · , Mm such that Mi ∩ ℓ = ki (m ≥ 1, i = 1, · · · ,m), and K a
knot obtained from ℓ by an m-fusion such that each ki is attached to k0 by a single band. If at
least one of k0, k1, · · · , km is non-trivial, then K is a non-trivial knot.
A (m-)ribbon fusion on a link ℓ is an m-fusion of ℓ and an m-component trivial link O which
is split from ℓ and each of whose components is attatched by a single band to a component of
ℓ. Then, we have the following from the above theorem.
Lemma 2.2. A knot obtained from a non-trivial knot by a ribbon fusion is non-trivial.
An m-ribbon fusion is called a (m-)simple-ribbon fusion (or an SR-fusion) [6] (with respect to
D∪B) if O bounds m mutually disjoint non-singular disks which are split from ℓ such that each
disk intersects with one of the bands for the ribbon fusion exactly once and each band intersects
with one disk exactly once, where D is the set of disks bounded by O and B is the set of bands
for the m-ribbon fusion.
-10-
−10−
Tetsuo SHIBUYA　　Tatsuya TSUKAMOTO
Since B ∩ C = ∅, the set of triple points of F , denoted by T (F ), is a union of B ∩D ∩ (E ∪ E)
and C ∩ D ∩ (E ∪ E), denoted by T1(F ) and T2(F ), respectively (see Figure 6).
Figure 6
By the above investigation, we see that each triple point P of T (F ) is of type II and that its
pre-images P ∗1 , P ∗2 , and P ∗3 are contained in D∗, (B ∪C)∗, and (E ∪E)∗, respectively (see Figure
6). With the above situation, we prove the following theorems.
Theorem 1.3. Let k be a slice knot and F a standard ribbon disk for k. Then we have the
following.
(1) If T1(F ) = ∅, then k is a ribbon knot.
(2) If T2(F ) = ∅ and Bi ∩ intD consists of a single arc for each i, then k is a ribbon knot,
where B = ∪iBi.
Theorem 1.4. Let k be a slice knot and F a standard ribbon disk for k. If B∩E = ∅ and Ci∩int E
consists of a single arc if not empty for each i, then k is a ribbon knot, where C = ∪iCi.
2. Proof of Theorems.
First we provide some lemmas which are needed later.
Theorem 2.1. ([3, Theorem 1]) Let ℓ be a split union of (m + 1) knots k0, k1, · · · , km, i.e.
there are m 3-balls M1, M2, · · · , Mm such that Mi ∩ ℓ = ki (m ≥ 1, i = 1, · · · ,m), and K a
knot obtained from ℓ by an m-fusion such that each ki is attached to k0 by a single band. If at
least one of k0, k1, · · · , km is non-trivial, then K is a non-trivial knot.
A (m-)ribbon fusion on a link ℓ is an m-fusion of ℓ and an m-component trivial link O which
is split from ℓ and each of whose components is attatched by a single band to a component of
ℓ. Then, we have the following from the above theorem.
Lemma 2.2. A knot obtained from a non-trivial knot by a ribbon fusion is non-trivial.
An m-ribbon fusion is called a (m-)simple-ribbon fusion (or an SR-fusion) [6] (with respect to
D∪B) if O bounds m mutually disjoint non-singular disks which are split from ℓ such that each
disk intersects with one of the bands for the ribbon fusion exactly once and each band intersects
with one disk exactly once, where D is the set of disks bounded by O and B is the set of bands
for the m-ribbon fusion.
-10-
For a link ℓ, the disconnectivity number, denoted by ν(ℓ), and the r-th genus, denoted by
gr(ℓ), for each integer r, 1 ≤ r ≤ ν(ℓ), were defined in [2]. Namely ν(ℓ) means the maximum of
♯(F ) for a Seifert surface F with ∂F = ℓ, where ♯(X) means the number of connected components
of X and gr(ℓ) means the minimum of genus of F with ♯(F ) ≥ r. Then we have the following.
Lemma 2.3. ([6, Theorem 1.1]) Let L be a link obtained from a link ℓ by a simple-ribbon fusion.
Then we have that ν(L) ≤ ν(ℓ) and gr(L) ≥ gr(ℓ) for each integer r(1 ≤ r ≤ ν(L)). Moreover,
L is ambient isotopic to ℓ if and only if ν(L) = ν(ℓ) and gν(L)(L) = gν(L)(ℓ).
Proof of Theorem 1.3. We assume that T (F ) is not empty, since otherwise we easily see that k
is a ribbon knot by removing the loops of S(F ).
(1) If there is a band Bi of B such that Bi∩ intD = ∅, then Bi∪Di is a non-singular disk with
k ∩ int (Bi ∪Di) = ∅. Hence F0 = cl(F −Bi ∪Di) is another standard ribbon disk for ∂F0 = k
such that T (F0) = T (F ). Hence, by taking F0 instead of F , we may assume that Bi ∩ intD ̸= ∅
for each i.
Claim 2.4. Any element γ of S(F ) such that γ ∩Di ̸= ∅ is a loop on Di of D.
Proof. Let γ∗ be the pre-image of γ with γ∗ ∩ D∗ ̸= ∅. Since k ∩ D = ∅, γ∗ is not an i-line of
ribbon type. Since T1(F ) = ∅ and Bi ∩ intD ̸= ∅ for each i, γ∗ is not a b-line of ribbon type.
Hence γ∗ is a loop on D∗i . □
Note that the pre-images of S(F ) on C∗i of C consists of mutually disjoint parallel b-lines of
C∗i ∩ (E ∪ E) and of mutually disjoint parallel i-lines of C∗i ∩ D (see Figure 7 (a)). Since each
i-line is a loop from the above claim, we can eliminate all the triple points of T (F ) from the
outermost one at each Ci of C as illustrated in Figure 7 (b), (c). Hence k is a ribbon knot. Here
note that, at each step of elimination, the pre-image on C∗i of the triple point to be eliminated
is on a b-line of C∗i ∩ (E ∪ E) and a loop or a b-line of ribbon type of C∗i ∩ D, and thus the
elimination of the triple point does not produce a clasp singularity.
Figure 7
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(2) Let κ be the knot ∂(B ∪ D ∪ E). First we show that L = ∂E ∪ O1 is obtained from
ℓ = κ ∪ O1 by a simple-ribbon fusion with respect to D ∪ B.
Suppose that there is a band Ci of C (= ∪iCi) such that Ci∩ int E = ∅. If Ci∩ intE = ∅, then
E′ (= E ∪ Ci ∪ Ei) is a non-singular disk, and thus by taking E′ and E − Ei instead of E and
E , respectively, we obtain another standard ribbon disk F0 for k such that T (F0) = T (F ). If
Ci∩ intE ̸= ∅, then we can eliminate all the singularities of Ci∩ intE from the closest singularity
to Ei by pushing E along Ci ∪ Ei as illustrated in Figure 8. Here note that Ci intersects only
with E, since Ci ∩ intE ̸= ∅ and T2(F ) = ∅. Thus the singularities on Ei consists of loops and
i-lines in intEi if not empty, and then the above deformation of E may create new loops or arcs.
Figure 8
Therefore, we may assume that Ci ∩ int E ̸= ∅ for each i. Then, as T2(F ) = ∅, we have that
D ∩ C = ∅, and thus that D ∩ ∂C = ∅. Hence we obtain that D which is bounded by O0 is split
from ℓ.
If there is a disk Di of D such that Di ∩ intB = ∅, then Bi ∪Di is a non-singular disk with
k∩ int (Bi ∪Di) = ∅. Thus F0 = cl(F −Bi ∪Di) is another standard ribbon disk for k such that
T (F0) = T (F ). Then, by taking F0 instead of F , we may assume that Bi ∩ intD ̸= ∅ for each
i. Hence, each disk of D intersects with one of the bands of B exactly once and each band of B
intersects with one of the disks of D exactly once.
Therefore, we know that L is obtained from ℓ by a simple-ribbon fusion with respect to D∪B.
Thus we have that ν(L) ≤ ν(ℓ) ≤ n + 1 and gr(ℓ) ≤ gr(L) for each integer r, 1 ≤ r ≤ ν(L)
by Lemma 2.3, where n = ♯(O1). Moreover as L is a trivial link, ν(ℓ) = ν(L) = n + 1 and
gn+1(ℓ) = gn+1(L) = 0. Hence ℓ is also a trivial link by Lemma 2.3 and as k can be obtained by
a fusion of a trivial link ℓ, k is a ribbon knot. 
Proof of Theorem 1.4. As we see in the proof of Theorem 1.3 (2), we may assume that Ci∩int E ̸=
∅. Then, by a similar argument to the above to show that L is obtained from ℓ by a simple-
ribbon fusion with respect to D ∪ B, we know that k is obtained from κ by a simple-ribbon
fusion with respect to E ∪ C, since Ci ∩ int E consists of a single arc for each i.
Let ei be the only arc of ribbon type of C∩ intEi for each i. Since B∩E = ∅, (B∪C)∩ intEi =
{ei} for each i. If D ∩ Ei contains a loop c, the intersection number of c and ei is zero, since
k∩D = ∅. Hence if c∩ei ̸= ∅, these points can be removed by deforming D suitably as illustrated
in Figure 9. By applying such a deformation successively, we may assume that, if D∩Ei contains
a loop c, then c ∩ ei = ∅.
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Figure 9
If D ∩ (C ∪ E) contains an arc γ of ribbon type, then ∂γ is contained in ∂Ci ∩ ∂E, since
k ∩D = ∅. However since k is obtained from κ by a simple-ribbon fusion with respect to E ∪ C,
we can see that there are no such arcs of D ∩ (C ∪ E) by counting the number of intersection of
such arcs with ei (see the proof of Proposition 2.1 in [6]). Hence we see that D ∩ C = ∅, and
thus that D ∩ ∂C = ∅. Namely D ∩ κ = ∅, and hence we obtain that κ is split from O0(= ∂D).
Since the trivial knot ∂E is obtained from κ by a ribbon fusion with respect to B, we know that
κ is the trivial knot by Lemma 2.2. Since κ is split from O1(= ∂E) and k can be obtained by a
fusion of κ ∪ O1, k is a ribbon knot. 
For a link L, g1(L) means the usual genus, denoted by g(L), of L. Then we easily see the
following by Lemma 2.3.
Remark. For a knot k, if there is a ribbon knot K which is obtained by a simple-ribbon fusion
of k such that g(K) = g(k), then k is ambient isotopic to K, and thus k is a ribbon knot.
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